Abstract. We calculate and analyse S-wave resonances of helium up to an energy of -0.02 au applying the complex rotation technique. Rydkrg series converging to the hydrogenic thresholds of the Het ion are analysed by quantum defect theory. For moderately excited inner electrons the series converging to different thresholds begin to overlap resulting in perturbed Rydberg series. We find that approximate quantum numbers as well as propensity rules governing the decay of the resonances and the perturbation scheme of the Rydberg aeries prevail. With increasing excitation of the inner electran however, only series whose stiltes tend lo extreme interelectronic angles (cos0) = + I remain regular.
Introduction
Since the first experiment by Madden and Codling (1963) doubly excited states of helium have attracted the interest of theoreticians and experimentalists. Recent experiments study with high resolution the photoabsorption of helium to doubly excited states (Domke et al 1991 (Domke et al , 1992 (Domke et al , 1995 . Numerous theoretical investigations have improved our understanding of the electron-electron correlation which prevents an analytical solution for the helium atom. The classification of isolated resonances according to approximate quantum numbers is now well established and has emerged from different approaches (Herrick 1983 , Lin 1986 . Feagin and Briggs 1986 ). The classification is accompanied by propensity rules which govern the autoionization pattern of the resonances (Rost and Briggs 1990) . Hence the low and intermediate lying region appears to be well understood and highly accurate ab initio calculations are available.
Various methods have been applied to obtain the resonance parameters theoretically. Bathia and Temkin (1975, 1984 ) used a Feshbach projection formalism whereas a close coupling approximation was employed by Oza (1986) . The multi-configurational HartreeFock method was extended to autoionizing states by Froese-Fischer and Indrees (1990) . and Tang et ai (1992) used a hyperspherical close coupling method based on a numerical basis set. Muller er ai (1994) applied the stabilization method of Mandelshtam et al (1993) to calculate 'Se states of helium. The complex rotation technique, which is also used in this work, makes it possible to use bound state methods to calculate autoionizing states. This method was extensively used by Ho and co-workers (1979, 1980, 1981, 1983, 1986) with a Hylleraas-type basis set. Lindroth (1994) applied the complex rotation method with a finite numerical basis set built on solutions of the discretized one-particle Hamiltonian (Salomonson and Oster 1989) .
More recently interest has shifted to very high excitation and to the question whether the approximate quantum numbers and propensity rules prevail up to the fragmentation t E-mail address: andre@phycl .physik.uni-freiburg.de 0953-4075/95/153i63+21$19.50 0 1995 IOP Publishing Ltd threshold E = 0 of helium. For this purpose the present work supplies very accurate numerical data for high excitation of both electrons with principal quantum numbers of the inner ( N ) and outer ( E ) electron up to n > N = IO.
The accuracy and the large amount of our data allows us to analyse the spectrum of the S states of helium up to energies where series converging to different thresholds of the Hec ion strongly overlap. Using a quantum defect analysis (Seaton 1983, Wintgen and Friedrich 1987) we are able to identify deviations from the regular Rydberg behaviour very clearly. For moderate excitation, autoionization transitions obey the propensity rules derived by Rost and Briggs (1990, 1991) in the molecular orbital description of the He atom. We find that these propensity rules break-down for very highly doubly excited states far from the quasi-classical regime.
Surprisingly, however, this does not imply a change in the autoionization mechanism on which the propensity rules are based. On the contrary this mechanism together with the so called perturber states (to be defined later) can be used to show that most Rydberg series are strongly mixed with respect to the channels defined by the approximate quantum numbers. Since the propensity rules connect just these 'pure' channels, their violation for highly excited Rydberg series indicates that these states are no longer built of pure channels but of mixtures of those. We will discuss the evolution of the channel mixing as a function of excitation energy in detail. We will also relate our results to recent semiclassical descriptions of the two-electron atom (Ezra et al , Richter et al 1992 , Muller et al 1992 .
The paper is organized as follows. In section 2 we present the Hamiltonian of the problem in the coordinates we use and discuss our method of solution. As an example for the accuracy we achieve we present some energies of singly excited states. Section 3 deals with the tools used to classify and analyse doubly excited resonances. Approximate quantum numbers (for the classification) and some aspects of quantum defect theory (for the analysis) are briefly discussed. In section 4 we present our results for the resonance spectrum of helium in detail with an emphasis on singlet states. Some examples for triplet Rydberg series are also reported to illustrate the qualitative similarity between singlet and triplet series. Section 5 contains the summary and conclusion.
Hamiltonian in perimetric coordinates and method of solution

Analytic matrix representation of the Hamiltonian
The non-relativistic Hamiltonian for the relative motion of a two-electron atom or ion with nuclear charge Z reads (atomic units are used throughout the paper)
Here, V I and Vz are the momentum operators in position representation, rl and rz the distances of the electrons from the nucleus, and r1z = [TI -i-21 is the inter-electronic distance. The mass of the nucleus is assumed to be infinite.
The wavefunction of the two-electron system is conveniently written as (Breit 1930 , Wintgen and Delande 1993 , Pont and Shakeshaft 1995 where the 'DhM,($. 8. $) are the rigid-top wavefunctions describing the rotation from a laboratory frame to a body fixed frame with the Euler angles $, 8 , $. In this paper we restrict ourselves to L = 0 states for which the dynamics in the plane spanned by the three particles does not depend on its orientation in space. Hence we can restrict our considerations to this plane described by three variables only. Formally this corresponds to Pm = constant in (2).
The full solution of the corresponding Schrodinger equation remains nevertheless a nontrivial problem. We use a transformation of the Schmdinger equation to perimetric coordinates as defined by Coolidge and James (1937) . Even though this coordinate set has already been used for numerical ground state calculations as early as 1958 (Pekeris), its power and simplicity for the calculation of highly doubly excited states was not fully recognized in the past. The perimetric coordinates have the great advantage that they produce, together with an appropriately chosen basis set, a matrix representation of the hamiltonian which is sparse and of banded structure and therefore allows for an efficient diagonalization. The perimetric coordinates are defined as follows: x = r l + r 2 -r 1 2 y = r l -r 2 + r n x , y , z > O z = -rl + r2 + 112
In these coordinates the Hamiltonian (1) reads
(3)
The P,?) in (4) are polynomials of degree 3 of the variables x, y . z and can be found in the appendix. (The dagger with the partial derivative in (4) means that this operator acts to the left.) We expand the wavefunction for each degree of freedom in a complete Sturmian basis set and (anti-) symmetrize the product functions (the exchange of the two electrons corresponds to an exchange of the y and z coordinates). An element of this basis then reads
where the L,(u) are the usual Laguerre polynomials. The volume element (7) cancels the singularities in the Hamiltonian (4) if matrix elements are calculated. Orthonormalization and recursion relations of the Laguerre polynomials guarantee that most of the matrix elements between basis states vanish. This leads to the sparse and (under appropriate order of the basis elements) banded structure of the matrix representation of the Hamiltonian. The calculation of the non-vanishing matrix elements is simple and can be done algebraically using fast and accurate integer arithmetic.
The eigenvalues of the matrix do not depend on the parameters a, p, y in (5) if a complete basis is used. In numerical calculations, however, only a finite basis can be implemented on the computer because of limited storage capacities. We use truncated basis sets up to a maximum node number w = n + m + k = 64, corresponding to 24497 basis states. The convergence is checked with respect to increasing basis size. This convergence, however, is sensitive to the choice of our scaling parameters 01, , 3, y . We rewrite them as 01 = ap and y = cp and choose a and c to be real. For states where both electrons For asymmetrically excited states, c should be approximately equal to the quotient of the principal hydrogenic quantum numbers of the two electrons in the independent-electron limit to obtain a rapid convergence. However, in this case the bandwidth is significantly larger than in the c = 1 case, which not only increases the computation time but also lowers the maximum basis size that can be implemented under the same storage capacities (w = 42 instead of 64). Hence we have used c # 1 only for moderately excited states. A good choice for a is a = 1 + c which gives the correct asymptotic behaviour in the independent-electron limit.
With these parameters the Schrodinger equation (4) has the matrix form
The matrices T , p. N of the kinetic energy T , the potential energy 1 ' and the unit operator N are real symmetric and depend on a and c , but not on p.
For real p the matrix equation (8) represents a real variational problem leading to real eigenenergies of the hamiltonian. Hence, with real p the real energies of singly excited states can be calculated. Resonances, however, are described by complex energies,
To calculate those complex energies, we apply the complex rotation technique (Reinhardt 1982 , Ho 1983 . It is implemented by using a complex variational parameter , 8 in (8). By solving (8) we get a large number of converged complex eigenvalues that represent the doubly excited resonances.
Numerical computation of resonances
The actual computation of the eigenvalues of (8) is performed in two steps. In a first step a certain number of eigenvalues is calculated around a (complex) energy by using a fast Lanczos algorithm (Delande er a1 1991) . In this way we get a number of candidates with one program call. The eigenvalues are checked for convergence by systematically increasing the basis size. Note that at this stage the parameter p is not optimized but remains the same for all eigenvalues calculated at the same time.
In a second step the complex matrix equation (8) is solved using an inverse iteration method on an LDL' decomposition of the matrix (8) with the results from step one as starting values. This program also calculates some expectation values, using the expansion coefficients of the eigenstate in the basis set. For each state we use an iterative algorithm to optimize the complex scaling parameter @ such that the complex energy becomes stationary, aE/ap = 0. The wavefunction then fulfils the complex virial theorem -2(T) = ( V ) = 2 E (Ho 1983 ). Here we also check the convergence of the complex eigenvalues with respect to the basis size and the partial derivative aE/aa. which should also vanish for an exact eigenfunction. It turns out that most of the (well converged) eigenvalues obtained by the Lanczos algorithm fulfil the specified accuracy after only a few (sometimes only one) iterations so that in most cases the results of our first step are good enough if one is only interested in the resonance energies. This can be interpreted as a signature of a weak dependence of the energy on p for large basis sets.
Accuracy
To demonstrate the accuracy of this method we list here our results for the energies of singlet and triplet singly excited states of the He atom (table I). All converged digits are shown. The numbers in parentheses give the maximum uncertainty in the last digit(s). For comparison, we show (in italics) the hitherto most accurate data we are aware of (Drake 1988) .
The energies for doubly excited states can be calculated as accurately as for moderately singly excited states. In the following we will present our resonance energies with an accuracy of au although most of the data are better converged. In the worst cases the uncertainty is not larger than 2 in the last digit quoted. 
Representation of the resonance parameters
As mentioned in the introduction the goal of this paper is twofold, firstly to provide numerical data of high quality for two-electron resonances over a wide range of energy, and secondly to examine the current understanding of two-electron resonances in terms of their classification by approximate quantum numbers (Herrick 1983 , Lin 1986 , Feagin and Briggs 1988 and in terms of the predicted propensity rules for autoionization (Rost and Briggs 1990, 1991) . We will also comment on the role of classical orbits for the understanding of two-electron resonances in particular for high excitations (Ezra et al 1991, Muller et a[ 1992, Wintgen er al 1994).
However, for the presentation of the enormous data material in some ordered fashion we need a 'neutral' tool which does not anticipate the possible classification according to the aforementioned schemes. Our principal tool will be single-and multi-channel quantum defect theory. At high energies an ordering according to the quantum defects as we derive them from our data is not unique and we need an additional criterion to determine to which subseries the resonance should belong. In these cases we use the expectation value (cos0) of the inter-electronic angle as a guideline.
Labelling and quantum numbers
The complex eigenvalues obtained by the method described above can be characterized by three indices, E = EHX". The first index N denotes the principal quantum number of the electron in the remaining He+ ion once the outer electron is ionized. For successively higher excitation of the outer electron with principal quantum number n the corresponding Rydberg series converge to the threshold EN = -Z 2 / 2 N 2 in the limit n -+ 03. There are N different Rydberg series of singlet states converging to each threshold because there are N different possibilities to couple the single particle angular momenta to L = 0. Note, however, that those single particle angular momenta are no longer good quantum numbers as in the independent-electron picture because of the strong electron-electron correlation.
Each of these Rydberg series converging to the same threshold is labelled by the index k which asymptotically (n + 00) determines the parabolic quantum numbers of the Stark-type state in which the inner electron resides (Rost and Briggs 1991) . The index
, is therefore related to the expectation value of cos8, where 8 is the angle between the two electron position vectors rI and r2 (11) We see from (1 1) that for extremely high excitation N -+ 00 of the inner electron we get two collinear configurations with minimum angle (cosO) -+ ( N -l)/N % + I which corresponds to a configuration with both electrons on the same side of the nucleus (8 % 0", the 'frozen planet states', Richter eral (1992)) and (cos8) -+ -(N -1 ) / N % -1 where the electrons are localized on different sides of the nucleus (0 180", an 'asymmetric stretch', Rost et al (1991) ). These two collinear configurations can be represented classically by characteristic periodic orbits which surprisingly are stable for the O % 0" case and moderately unstable for the 0 % 180' case (Ezra et a/ 1991, Richter and Winlgen 1991) .
In what follows we use the nomenclature ( N , k ) , to identify a single state and ( N , k ) to specify a whole series. However, this classification is only unique in the limit n -+ 00 where perturbation theory can be applied and the He+-electron interaction can be diagonalized in a stark basis of the Het ion (Gailitis and Damburg 1963) . It has been a puzzle for a long time that the asymptotic (n -+ 03) classification holds also for states where both electrons are equally excited (n % N ) . This was first realized by Henick in a group theoretical approach (Herrick 1983) . His set of quantum numbers consists of (N.K,T,n) where (N,K,n) corresponds to our labels ( N , k . n ) and T is the projection of the total angular momentum on the inter-electronic axis (related to M' in our nomenclature, see (2)). Of course for L = 0 we have T = M' = 0. To specify the character of the electron exchange symmetry (Pauli principle) one needs a fifth quantum number which is according to Lin (1986) commonly referred to as A = rtl (Herrick himself called it v) . In the case of L = 0 states A = t l corresponds to ' S states and A = -1 to 3S states. For the relation to other classification schemes see e.g. Rost and Briggs (1991) . 
Quantum defects
To the extent to which the separation of the resonances into series holds, the (complex) energies can be conveniently parameterized by the ansatz where ukn is an effective quantum number for the outer electron and pin is its quantum defect. According to this ansatz the total energy of the system consists of the energy of the inner (outer) electron in the field of the unshielded (shielded) nucleus only; all discrepancies from this simple picture are collectively described by the &n, Note that since the ENkn are complex for doubly excited states, ukn and pkn are also complex. The real part of the quantum defect determines the energy shift (in units of the nodal number n ) whereas the imaginary part gives the rescaled width r&.
The discrete points pkn lie on a continuous curve p ( E ) . For unperturbed Rydberg series the quantum defect is a slowly varying function of the energy (Seaton 1983, Wintgen and Friedrich 1987) . Already for moderate excitation of the inner electron, however, Rydberg series converging to different thresholds of the Het ion begin to overlap leading to a perturbation of the Rydberg series (Burgers and Wintgen 1994 ). This can be described within a three-channel quantum defect theory (3QDT) where the first channel contains one state (the so called perturber). the second one the unperturbed Rydberg series under consideration, and the third channel is open (Wintgen and Friedrich 1987) . The real and imaginary part of the quantum defect is then parameterized as follows:
where E = ( E -E R ) / ( T / Z ) measures the energy with respect to the location ER of the perturber in units of its half width r/2. The quantities ,%(E) and ? ( E ) are slowly varying backgrounds of the quantum defect (real part) and the reduced width (imaginary part), yo is the amplitude of the Fano-type modulation in (14) (Fano 1961, Wintgen and Friedrich 1987) .
The perturbing state itself does not appear as an isolated state but becomes an additional member of the perturbed Rydberg series. All the states in a confined region in the vicinity of the perturber (and also the perturber itsel0 are shifted due to the interaction between the corresponding channels. Far from the perturbed zone the series remains unperturbed, but since one state has been added the numbering has changed and the quantum defect increases by unity. The location and width of such a perturber can be determined by fitting (13) and (14) to the resonance data.
This picture also holds for more than one perturber resulting in several arctan-shaped 'jumps' provided the perturbers do not interfere. If they d o the picture becomes more complicated since the interaction of the perturbers significantIy changes both the location and the width of the pseudoresonant jumps (Friedrich 1991) .
Since the pseudoresonant perturber is not a true resonant state it does not appear in a converged numerical calculation as a single (complex) eigenvalue. This remains true even for non-converged calculations as long as, in the truncated basis, the dense Rydberg states forming the pseudocontinuum are well represented. However, if one deliberately chooses the basis parameters a , c , , 9 so that the Rydberg states are badly represented, the pseudocontinuum no longer 'exists' and the perturber itself occurs as an isolated state.
These states are only fairly well converged since enlarging the basis size also improves the representation of the pseudocontinuum. The situation becomes better the closer the perturber is to the corresponding ionization threshold. Hence by using a 'detuned' basis we can calculate directly the location and width of the perturbers and compare them to those values obtained by a 3QDT fit.
4.
The spectrum of the He atom
Overview
We have calculated doubly excited states for the helium atom for both singlet and triplet symmetry up to N = IO. Our calculations have been performed for infinite nuclear mass (M -+ 00). A non-perturbative inclusion of the finite nuclear mass, however, does not lead to any difficulties and is already implemented in our computer code. For larger N the Rydberg series converging to different thresholds begin to overlap energetically and we find that the Rydberg series are perturbed. As already shown in Burgers and Wintgen (1994) the perturbation scheme for moderately excited series follows the propensity rules derived by Rost and Briggs (1990, 1991) in a molecular orbital approach. For very highly excited sates and k % 0, that is far from a collinear configuration, it is no longer clear whether a k index can still be assigned and the propensity rules break down.
In the following we will present our results in detail. For the sake of clarity we will focus on the series with singlet symmetry. In general, singIet and triplet spectra show the same features. However, since triplet manifolds are energetically more separated than singlet manifolds (see figure I ) the phenomena of perturbed Rydberg series start for higher N in the tnplet case. The data calculated for the (2, k) and (3, k) series are given in table 2 and table 3, respectively. As can be seen, the triplet states lie a little below the corresponding singlets. This is clear because the node in the triplet wavefunction at rj = rz = 0 reduces the electron4ectron repulsion. As a consequence, the widths of the triplet states are about two orders of magnitude smaller than those of the corresponding singlet states. The character of the wave function on the Wannier saddle r ) = rz is essential for the decay mechanism (Rost and Briggs 1990) and for the separation of different Rydberg series labeled by k (see above). In principle we could extend our calculation for these states both to obtain more accuracy and for higher n values. However, at this stage relativistic effects should become significant which have not been included yet. Moreover, high n states can be calculated with almost the same accuracy by simply fitting the quantum defects as a function of n.
The unperturbed Rydberg series
( N = 2 , 3 )
Simply perturbed Rydberg series (N = 4,5): con3rmation of the propensity rules
We now come to the region where the Rydberg series converging to different thresholds of the He+ ion begin to overlap energetically. This has a drastic effect on the complex resonance energies which is obvious in the quantum defect p g . Figure 2 shows the real part of the quantum defect for the four Rydberg series converging to the N = 4 threshold. The quantum defects of the three energetically higher Rydberg series (k = I , -1, -3) are smooth functions of the energy. The quantum defect for the A Biirgers el a1 ( N , k ) = (4,3) Rydberg series, however, increases rather suddenly by unity around 0.04 au below the N = 4 threshold (which is located at -0.125 au), This pseudoresonant jump is caused by the lowest doubly excited state of the N = 5 Rydberg series, namely the (N, k), = (5,4)5 state, which does not appear as an individual state but compresses the dense spectrum of the (4,3) Rydberg series (Biirgers and Wintgen 1994) .
In figure 3 both the real and imaginary part of the quantum defect of the (4,3) Rydberg series are shown. The solid lines are fib to (13) and (14), respectively, where ; ( E ) is fitted by a polynomial of degree 2 and ? ( E ) by a polynomial of degree 1. The data are obviously in excellent agreement with the predictions of the 3QDT. This indicates that the ( 5 , 4)5 state mixes with the (N, k ) = (4,3) Rydberg series and not with the (4, 1). (4, -I) or (4, -3) series.
Furthermore, the lifetime of the states energetically close to the pseudoresonant jump is drastically enhanced. Although the width of the states affected does not vanish the fitted Fano profile has an approximate zero between the (4.3),, and (4,3)12 states (Burgers and Wintgen 1994) . Such a behaviour can only be expected if there is effectively only one open channel for the perturbed series to decay to, though in principle there should be six. The data hence confirm the propensity rules for the non-radiative decay (Rost and Briggs 1990, 1991) A N = -I Ak = -1. Another confirmation of the propensity rules (15) gives the partial width of the perturber for the decay into the Rydberg series, the complex rotation calculation gives its total decay width for non-radiative decay. Both widths are the same within the accuracy of the fit: the fitted value is E = -0,12924 -iO.00063, the numerically converged value is E = -0.12943 -iO.00069. From this we conclude that the decay is effectively only according to the propensity rules (15). The energies of the (4, k) series are listed in table 4 for both symmetries. Note that the (4,3) triplet series is still unperturbed. Also, the width for the series with the minimum k = -( N -1) = -3 is in both cases considerably smaller than for the other series belonging to the same symmetry. This is a general trend (see also the (3, -2) series in table 3) and can also be understood in terms of the propensity rules: The favoured decay channel ( N -1, k -I ) does not exist for these states which must hence decay with a smaller rate to less favourite channels. This effect will become even more pronounced with increasing N. Note that these states are just the 'frozen planet' states described classically and semiclassically in Wintgen 1991, Richter et al 1992) . Figure 4 shows the real part of the quantum defect of the Rydberg series converging to the N = 5 threshold of the He+ ion. The lowest state of the (5,4) series does not really exist as an isolated state. The quantum defect of the perturber is shown instead (indicated by the open symbol lying below the N = 4 threshold which is indicated by the dotted line). In figure 4 we see already three pseudoresonant jumps in the lower lying series with k = 4.2,O Highly doubly excited S sfafes figure 4) is energetically close to states from different series ( 5 , k ) the perturber (6, k)6 influences only states from the (5, k -I), series. Hence the perturbation scheme is regular obeying the propensity rules (15) for autoionizing decay. Here again the location and width of the several perturbers can be obtained either by fitting (13) and (14) to the data or by a direct calculation. Again, the results agree within the accuracy. An adiabatic description for the three-body dynamics, in particular the molecular orbital (MO), allows for an alternative interpretation of the propensity rules (15). The major coupling scheme between adiabatic MO channels comes from avoided crossings which are caused by the saddle in the potential for fixed adiabatic separation of the electrons (Rost and Briggs 1991) . The MO Potentials are characterized uniquely by the spheroidal quantum numbers (ni, n,. m). On the other hand the coupling mechanism through the saddle of the potential is not restricted to a MO adiabatic representation. It can also be seen from the widely used hyperspherical adiabatic representation for which the prolate spheroidal quantum numbers do not apply. If we denote an adiabatic channel more generally by Henick's quantum numbers as INKT) t (Herrick 1983) . then (15) 
Few channel interferences (N=6, 7)
Figure 5 shows the real part of the quantum defect for the Rydberg series converging to the N = 6 threshold of the Het ion (singlet symmetry). The lower lying (65) and ( 6 3 ) series are already twice perturbed, although only the beginning of the second perturbation of the (6,3) series is sIightly visible in our data. The corresponding perturbers can be labelled as (7,6)7, (7,6)8, (7,4)7, and (7,4) 8 respectively, where the last one can only be determined by a direct calculation in a 'detuned' basis (see section 3.2). The other three can also be fitted; the results again agree within their accuracy. On the other hand the two energetically highest series (6, -3) and (6, -5) display the normal behaviour of unperturbed Rydberg series. So far, the perturbation pattern is consistent with the propensity rules (15) and hence with pure adiabatic channels.
However, in the (6, I) and (6, -I) series a new behaviour occurs. The quantum defect in the (6, 1) series increases by more than unity (by 1.2 roughly), whereas the quantum defect in the (6, -1) series increases by less than one (about 0 8 , giving a total 'jump' of two. A closer inspection of the (6, I ) series shows that the jump here actually consists of two parts, a first one by unity and a smaller one. This first jump is located at the energy of the (7, 2)7 perturber. The second 'jump' coincides energetically with the location of the (7, 0)7 perturber that, according to (15), should only couple to the (6, -1) series. Obviously, the (7,0)7 perturber affects the (6. 1) and the (6, -1) Rydberg series, violating the propensity rules (15).
This behaviour indicates in the context of our discussion in section 4.3 that the index k as a quantum number is no longer 'pure' for channels with k -0. Apparently the pure K = + I and K = -1 channels are mixed resulting in the observed (6. 1) and (6, -1) Rydberg series. Through this admixture the (7,0)7 perturber which according to the propensity rules (16) should couple to the K = -I adiabatic channel affects both, the (6, 1) and (6, -1) series. Hence, the perturbation can be viewed as a sensitive tool probing the components of effective Rydberg series in terms of their pure K components.
Note that the perturbation pattern caused by the (7, 0)7 perturber can still be described by a quantum defect theory, adding another Rydberg series and continuum to which the perturber is coupled. A model calculation of the corresponding SQDT reveals a similar behaviour as the real atom if the coupling of the perturber to the two Rydberg series is of about the same magnitude.
We do not discuss in detail the Rydberg series (7, k) which show qualitatively a similar behaviour as the (6, k) series. is very narrow. The reason is that the (9,8) series perturbing it is itself already perturbed by the lowest state of the (10,9) series, namely (10,9)10. The propensity rules (15) are fulfilled for these series which hence can be regarded as pure K series. This is also true for the two energetically highest series (8, -5) and (8, -7) which display the behaviour of unperturbed Rydberg series.
The series in between (k = 3, . . . , -3) show rather irregular behaviour. Obviously these are no pure K channels. Hence, the calculated (8. k ) Rydberg series as shown in figure 6 are mixtures of those pure K channels as discussed above. For these series also the first states occur whose reduced width (Imp) is larger than one, which means that their width is Iwger than their mutual spacing. These are the (8, state ( I m p = 1.50751) and the (8, -1)!4 state ( I m p = 1.27883).
The behaviour of the (9, k ) and (IO, k ) series (shown in figure 7) is similar. For the energetically lowest series (larger k ) we find Rydberg series perturbed according to (15), which can be described by an FQDT. For the energetically highest series (lower k ) we find, as before, the typical behaviour of unperturbed series.
In between, however, we have the region where the series obviously consist of mixtures of pure K channels resulting in a rather complicated perturbation scheme. Here a FQDT analysis from our data is no longer possible. This is demonstrated by looking at the expectation value of the cosine of the inter-electronic angle, (CO&) . It is connected with the quantum number K through (cos8) -+ -K/N as n -+ CO (see also (11)). We have plotted (cos@) against ukn for the (IO, k ) series in figure 8. Obviously the pattern is rather irregular, which also stresses that the actual states consist of complicated mixtures in terms of the pure K channels. The region for which this admixtures occur is located near k c 0 and becomes the wider, the larger N. This can be understood in terms of the adiabatic approach (Rost and Briggs 1991) since the separation of the adiabatic potentials for different k goes with k / N leading to a greater possibility for the channels to couple. Assigning a k index to the calculated resonances in this region obviously becomes rather arbitrary. Hence it is problematic to speak of k as a quantum number for these states. Note that the k c 0 states are just those states whose configuration is far from being collinear and hence do not approach one of the classical limits discussed above. This might explain why they do not behave in a regular fashion for increasing N.
Triplet states
In general the spectrum for the triplet states ( A = -1) looks quite similar to that of singlet symmetry ( A = +I). The qualitative difference is the additional node on the saddle (rl = rz) for triplet symmetry. This leads to wider avoided crossings in the corresponding adiabatic potentials than in the singlet case and hence the probabilities for auto-ionization and for K mixing are reduced (Rost and Briggs 1991) . Furthermore, the different ( A = -1) adiabatic channels start to interact at higher quantum numbers than the (A = + I ) channels. As a consequence the first perturbed triplet series are the (6,5), (6. 3), and (6, 1) series while the first perturbed singlet series occurs with the (4.3) series already in the N = 4 manifold Figure 9 shows the real part of the quantum defect for the (IO, k ) triplet Rydberg series.
Here, violations of the propensity rules (15) occur for the (10, -3) and (10, -5) Rydberg series indicating that these are also mixtures of pure K adiabatic channels. However, the pattern looks much simpler than for the (IO, k ) singlet series, This confirms that the mixing of K channels for states with triplet symmetry is much weaker than in the singlet case.
Propensiry rules versus selection rules
The propensiv rules (15) are not selection rules. This can be demonstrated by a closer inspection of our data even for the case where the propensity rules are fulfilled to a very good approximation, namely for the very lowest case of a perturbed Rydberg series.
In figure 10 we again show the quantum defect of the singlet (4, k) Rydberg series, but now we subtract multiples of unity from the quantum defect to display possible degeneracies. The region where the quantum defects cross is enlarged in the upper right part of figure 10 . The (4, 1) series shows little deviation from the regular behaviour close to the location of the perturber of the (4,3) series. Though this perturbation is very weak it indicates a small coupling of the (5,4)5 perturber to the (4, 1) series. This is, however, a marginal effect.
The non-radiant decay is still mainly according to the propensity rules (15).
Summary and Conclusion
To sum up we have calculated more than thousand doubly excited states for the He atom for both singlet and triplet symmetry of the wavefunction using the full non-relativistic Hamiltonian.
We have used the complex rotation technique to calculate resonance energies and widths of these states in an almost complete basis set of Sturmian type functions using perimetric coordinates as introduced by Coolidge and James (1937) .
Our highly accurate data for the spectrum of helium confirm the known propensity rules (15) generally for moderate excitation. For very high excitations of the inner electron, however, the propensity rules are only valid for near-to-collinear configurations (minimum and maximum k). For series with maximum k values the spectrum can be described by means of a few-channel quantum defect theory (FQDT) . This is the region where a semiclassical description using periodic orbit theory and cycle expansions (Richter et a1 1992 or adiabatic quantum ansatze (Rost and Briggs 1990 , Sadeghpour 1991 ) are also valid.
For minimum k , the regular behaviour of unperturbed Rydberg series is observed. In this region a semiclassical EBK quantization ) is also possible.
For very hhighly doubly excited states far from a collinear configuration (k close to O), the situation becomes much more complicated. The spectrum can no longer be described by a simple FQDT and the index k no longer has the meaning of a quantum number. Note that this region far from a collinear configuration is also inaccessible for both the semiclassical and the adiabatic approaches.
However, in the transition region of still identifiable Rydberg series we have shown how one can determine the pure adiabatic K-components of a perturbed series by linking the perturber states with the help of (16) to the K-components of these states. r2, and rI2 (Hylleraas 1929) and the three Euler angles +, 8. q5. Neither the kinetic energy nor the potentials depend on the angles, so they only contribute to the volume element by a factor of 8z. The three distances I , , r2, and 1 1 2 are then in a second ste lransformed to the perimetric coordinates, giving the Hamiltonian in the form (4). The Ptj 07 are (for M --f a?): P;:) = 2 ( x 5 + x y + x z z + XZZ) P:p .. = 2(2xZy + 2xy2 + y*z + yzz + 2 x y z ) P:;" = 2(2xZz + 2 r z 2 + y2z + yzz + Z x y z ) PXY 0) --P(3) yx = 2 x y ( x + y) P;:) = P;;) = Zxzfx + 2) pc3 = PO) = 0, Y Z ZY
